VAISMAN METRICS ON SOLVMANIFOLDS AND 
OELJEKLAUS-TOMA MANIFOLDS 



HISASHI KASUYA 



Abstract. We prove the non-existence of Vaisman metrics on some solvman- 
ifolds with left-invariant complex structures. By this theorem, we show that 
Ocljcklaus-Toma manifolds does not admit Vaisman metrics. 



1. Introduction 

A Hermitian metric g on a complex manifold is locally conformal Kahler (LCK) 
if there exists a closed 1-form 9 (called the Lee from) such that du> — 9 Aw where 
lo is the fundamental form of g. A LCK metric g is Vaisman if the Lee form 9 
is parallel. It is known that Vaisman manifolds have some special properties not 
shared by LCK manifolds. For example [29], [15] showed that the first Betti number 
b\ of a Vaisman manifold is odd, whereas an LCK manifold with even b± is presented 
in [22]. 

Let G be a simply connected solvable Lie group with a lattice (i.e. cocompact 
discrete subgroup) T. We call G/T a solvmanifold. If G is nilpotent, then we call 
G/T a nilmanifold. We are interested in studying LCK and Vaisman structures 
on solvmanifolds. Suppose G is nilpotent and G admits a left-invariant complex 
structure J. It is known that the nilmanifold (G/r, J) admits a LCK metric if 
and only if G = R x H(n) where H(n) is the (2n + l)-dimensional Heisenberg Lie 
group (see [27 ). On the other hand, not much is known about LCK and Vaisman 
structures on general solvmanifolds. The purpose of this paper is to prove non- 
existense of Vaisman metrics on some solvmanifolds with left-invariant complex 
structures. We prove: 

Theorem 1.1. Let G = R m x^ R™ such that (f> is a semi-simple action. Suppose 
dim[G, G] > , G has a lattice T and a left-invariant complex structure J and 

&i(G/r) = &i(fl). Then (G/T, J) admits no Vaisman metric. 

Since M x H(n) admits a left-invariant Vaisman metric, a nilmanifold with a 
left-invariant complex structure admits a LCK metric if and only if it admits a 
Vaisman metric. But for solvmanifolds, by Theorem 1 1.11 it is to be expected that 
we obtain many non- Vaisman LCK manifolds. 

We call a solvmanifold G/T meta-abelian if G = R m K^R™ such that is a semi- 
simple action. On some meta-abelian solvmanifolds, we can find various non-Kahler 
complex geometric structures. For example, pseudo-Kahler structures (see [50] ) 
and generalized Kahler structures (see QT]). In [16] the author showed that meta- 
abelian solvmanifolds are formal in the sense of Sullivan (moreover geometrically 
formal in the sense of Kotschick [19]) and satisfy hard Lefschetz property if they 
admit symplectic structures. We note that a solvmanifold admits a Kahler metric 
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if and only if it is a finite quotient of a complex torus which has a structure of a 
complex torus bundle over a complex torus (see [12] and [5]). 

In Theorem ll.il the assumption b\(G/T) = is important. In this paper we 
study a criterion for the condition H 1 (g) = H 1 (G/T). We prove: 

Theorem 1.2. For a weakly completely solvable Lie group G with a lattice V , we 
have an isomorphism 

H\q)^H\G/T). 

A weakly completely solvable Lie group (see Definition [lj is more general than 
a completely solvable Lie group. Thus this theorem is a generalization of Hattori's 
theorem [14] for the first cohomology. 

Important examples which we can apply Theorem ! l.ll to are Oeljeklaus-Toma(OT) 
manifolds. In [22 , for any integers s > and t > 0, Oeljeklaus and Toma con- 
structed compact complex manifolds (OT-manifolds of type (s,t)) with Betti num- 
ber b\ = s by using number theory. Oeljeklaus and Toma showed that for any 
integers s > OT-manifolds of type (s, 1) admit LCK metrics. For even s > 0, 
we can say that these admit no Vaisman metric (moreover OT-manifolds of type 
(2, 1) are counter examples to Vaisman's conjecture). But for odd s > 0, it was not 
known whether OT-manifolds of type (s, 1) admit Vaisman metrics. In this paper 
we represent OT-manifolds as solvmanifolds and we prove: 

Corollary 1.3. OT-manifolds do not admit Vaisman metrics. 

2. d e -COHOMOLOGY 

Let M be a manifold and A* (M) the de Rham complex of M with the exterior 
differential d. For a closed 1-form € A*(M) we define the new differential dg : 
A p (M) A p+1 (M) by d e (a) = da-6Aa. We denote by H$(M) the d e -cohomology 
and by [a]g the dg-cohomology class of a de-closed form a. 

Let G be a simply connected solvable Lie group with a lattice T and g be the 
Lie algebra of G. Consider the exterior algebra /\g* of the dual space of 0. Let 
d : /\ g — > A fl be the dual map of the Lie bracket of g and d : f\ p g — > f\ p+ g the 
extension of this map. We can identify (f\g*,d) with the left-invariant forms on G 
with the exterior differential. By the invariant condition, we also consider (/\ g*, d) 
as the subcomplex of A*(G/T). Let 9 S /\g* be a closed left-invariant 1-form. We 
denote by Hg{g) the cohomology of the cochain complex f\g* with the differential 
dg. A simply connected solvable Lie group with a lattice is unimodular (see [261 
Remark 1.9]). Let d^i be a bi- invariant volume form such that J G ^ T d/jL = 1. For 

a 6 A P (G/T), we have a left-invariant form cti nv £ f\ p g* defined by 
(X 1 ,...,X p )= / a{X 1 ,...,X p )d l x 

JG/T 

for Xi, . . . , X p E g where Xi, . . . , X p are vector fields on G/T induced by X\, . . . X p . 
We define the map / : A*(M) — > f\g* by a i— > cti nv . 

Lemma 2.1. For any closed left-invariant 1-formO, I : (A*(G/T),dg) —> (f\g*,dg) 
is a homomorphism of cochain complexes and satisfies Ioi = id/\ B * where i : f\g* —¥ 
A* (G/T) is the above inclusion. Hence the induced map i* : Hg(g) —} Hg(G/T) is 
injective. 
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Proof. Consider 

(da) inv (X u ...,X p+1 )= V f (-l) i+1 X i (a(X 1 ,...,X i ,...X p+1 )) 

J G/r 

+ V(-l)^ f a([X i ,X j },X 1 ,...,X i ,...,X j ,...X p+1 ). 
Jg/t 

In the proof of [6j Theorem 7], it is proved that j G / r A(F)dfi = for any func- 
tion F on G/r and a left-invariant vector field A. Thus (da)i nv (Xi, . . . ,X p+ i) = 
d(ai nv )(Xi, . . . , X p+ i). Since 9 is left-invariant, we have (9 Aa)i„„(Xi, . . . , -V p+ i) = 
S Aa m „(li,...,l p+ i). Thus / : (A*(G/T),d e ) -t (/\0*,dg) is a homomorphism 
of cochain complexes. Obviously we have I o i — id^ fl » . □ 

3. LCK and Vaisman metrics 

Let (M, J) be a complex manifold with a Hermitian metric g. We consider the 
fundamental form lu = g(—,J—) of g. The metric g is locally conformal Kahler 
(LCK) if we have a closed 1-form 9 (called the Lee form) such that duo = 9 A u>. 
To study only non-Kahler LCK metrics, in this paper we assume 9^0 and 9 is 
non-exact. Let V be the Levi-Civita connection of g. A LCK metric g is a Vaisman 
metric if V# = 0. For a LCK manifold (M, J, g) with Lee form 9, the equation 
du> = 9 A lu implies dgu = 0. 

Theorem 3.1. ([21]) Let (M, J) 6e a compact complex manifold admitting a Vais- 
man metric with the fundamental form uj and Lee form 9. Then the cohomology 
Hg(M) is trivial. In particular, we have [ui]$ =0. 

Remark 1. In addition to this theorem, if(M,J) admits another LCK (not nec- 
essarily Vaisman) form loq with Lee form 9q, then 9q is cohomologous to 9 and 
[Lo Q }g Q = (see 

In this paper we also consider locally conformal symplectic (LCS) forms on 2n- 
dimensional real manifolds. They are non-degenerate 2-forms lu such that there 
exists a closed 1-form 9 (also called the Lee form) satisfying doj = 9 A lu. 

For a Lie group G we call a LCS form lu with Lee form 9 on G (or G/T if G 
has a lattice T) a left-invariant LCS form if lu € f\g* and 9 6 Afl*- Suppose G 
admits a left-invariant complex structure J. We call a Hermitian metric g on (G, J) 
(or (G/r, J)) a left-invariant LCK if g is a left-invariant Hermitian metric and the 
fundamental form lu of g is a left-invariant LCS form. 

4. Vaisman metrics on solvmanifolds 

First we prove: 

Lemma 4.1. Let G = K m R n swc/i i/jai <f> is a semi-simple action. Then 
we can rewrite G — W 11 Ky, W 1 such that W 1 has no trivial K m -submodule and 
n' = dim[G, G]. 

Proof. Since 4> is a semi-simple action, we consider a decomposition l n = V\ © V2 
such that V\ is a maximal trivial R m -submodule and V2 is its complement. Then 
we have G = V\ x (M m x V2). We notice that 0(R m ) is C-diagonalizable. Since we 
have [G, G] = {</>(a)£> — _B|a € R m ,£? € V2} and V2 has no trivial submodule, we 
have dim[G, G] = dim V 2 . □ 
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To prove Theorem 1 1 . 1 1 we prove: 

Theorem 4.2. Let G — R m R™ such that <j) is a semi-simple action. Suppose 
dim[G, G] > d ™ G and G has a lattice T . Then for any left-invariant LCS form to 
with Lee form 9, the dg-cohomology class of to is not in Hjj(G/T). 

Proof. By the above lemma, we can assume 1" has no trivial R m -submodule and 
n = dim[G, G] and by dim[G, G] > d '" G we have m < n. Consider the Lie algebra 
= o k n where a and n are abelian Lie algebras corresponding to R m and R™ 
respectively. Then we have A 0* = /\ a* ® /\ n* . Let w€/\g* be a non-degenerate 
left-invariant 2-form. For the direct sum A 2 0* = A 2 a * © (A 1 a * ® A 1 n *) © A 2 n * 
consider the decomposition ui = u)' + to" such that to' <G A 2 a * © (A 1 a * ® A 1 n *) 
and to" € A 2 n *- Suppose u" — 0. Then we have 



(A a *®A^) 



By the assumption m < n, we have u>~ ~ = 0, but this contradicts non-degeneracy 
of bj. Thus we have to" ^ 0. Assume to is LCS and its Lee form is 9. Since we 
assume that n has no trivial o-submodule, we have [a, n] = n. This implies that 
Kerd^i s , — /\ a* and hence 9 G A a *- By the semi-direct product fj = a x n, we 
have 

P 1 P+l 9 

d(/\a*® An*) c A a *® A n *' 

Then we have 

P 9 P+l 9 

d e {f\a* ® f\n*) C A ^ ® f\rv\ 

and hence we have 

de(/\2)d (A Q *®A n *) ® (A a *®A n *) ' 

On the other hand, we have u>" ^ 0. Hence to = to' +ut" is not d#-exact. By Lemma 
12 . II this implies the theorem. □ 



Remark 2. The cohomology class of any symplectic form to on a compact tri- 
dimensional manifold is non-trivial (moreover it satisfies [to] n =/= 0. and conversely 
for a solvmanifold M a cohomology class Q € H 2 (M) satisfying fl n ^ contains 
a symplectic form see |17j ). But for a LCS form to with Lee form 9, it is possible 
that [to]e — 0. For examples consider a nilmanifold G/T . For a left-invariant LCS 
form to on G/T with the Lee form 9, we have [to]g — in Hg(G/T) because for a 
non-zero closed left-invariant 1-form 9 the cohomology iJ|(g*) is trivial (see [8]^. 
Thus Theorem \4-2\ is a peculiar phenomenon on a solvmanifold. 

Example 1. (Another example) Consider G = R H(l) such that </> is given 
by 

(1 x z \ / 1 e t x z 
1 y = 1 e-ty 
1/ \ 1 

where H(l) is the 3- dimensional Heisenberg Lie group. It is known that G has 
a lattice F (see |Tj or 28 J. G admits a left-invariant complex structure J and 
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(G/T, J) admits a LCK metric but does not admit a Vaisman metric (see [6],). 
In [3] Banyaga gave LCK left-invariant forms u> and oj' with Lee forms 9 and 9' 
respectively such that [lj]q = and [u}']g> =/= 0. 

Theorem 4.3. Let G = R m W 1 such that cj> is a semi-simple action. Suppose 
dim[G, G] > d ™ , G has a lattice T and a left-invariant complex structure J and 
b\(G/T) = b\(g). Then (G/r, J) admits no Vaisman metric. 

Proof. Suppose (G/r, J) has a Vaisman metric (not necessarily left-invariant) g 
with the fundamental form uj and Lee form 9. By b\(G/T) — b\(g), the inclusion 
/\g* C A* (G/r) induces an isomorphism of the first cohomology, and so we have a 
closed invariant 1-form 9q £ /\g* and a function / on G/T such that 9q — 6 = df . 
By the map A* (G/T) 3a4e'a,we have an isomorphism Hg(G/T) = Hg (G/T). 
Consider the invariant form (e*u))i nv given in section 2. Then by the definition of 
(e'w)™, (efuj)inv is J-invariant and go = (e$ Lo)i nv (— , J— ) is a positive definite. 
By dg ((e^uj)i nv ) = I o dg (e^oj) = 0, go is a left-invariant LCK metric with Lee 
form 9q. Then by the above construction, we have a left-invariant LCK metric on 
G/T. By Theorem EM we have [(e f oj) inv ]g ^ in H$ o (G/T) and hence [w] e ^ 
in Hg(G/T). But this contradicts Theorem 13. II Hence the theorem follows. □ 

Remark 3. For a non-degenerate 2-form lo, the left- invariant 2-form u>i nv is not 
non-degenerate in general. In this proof the assumption of the existence of in- 
compatible left-invariant almost complex structure is important. We can rewrite 
Theorem \4-2\ 

Theorem 4.4. Let G = R m W 1 such that <p is a semi-simple action. Suppose 
dim[G,G] > , G has a lattice T and h(G/T) = &i( ). Then for a LCS 

form (not necessarily left-invariant) lo admitting a left-invariant uj-compatible al- 
most complex structure, with Lee form 9, the dg-cohomology class of ui is not in 
Hg(G/T). 

Remark 4. By Lemma \2A[ if b p (g) = b p (G/T) we have an isomorphism H p (q) = 
H P (G/T). If G is completely solvable (i.e. for any g € G the all eigenvalues of 
the adjoint operator Ad g are real numbers ), then we have an isomorphism H* (g) = 
H*(G/T) (see [H]j. 

5. On the condition H 1 (g) = H 1 (G/T) 

Let G be a n-dimensional simply connected solvable Lie group, g be the Lie 
algebra, and Ad : G — > Aut(g) be the adjoint representation. Denote by Ad sff 
the semi-simple part of Ad g € Aut(g) for g g G. Since representations of G 
are triangulizable in C by Lie's theorem, Ad s : G — > Aut(flc) is a diagonalizable 
representation. 

Definition 1. We consider the diagonalization diag(ai, . . . a n ) of Ad s . We call G 
weakly completely solvable if each on is not a non-trivial unitary character of G. 

Let T be the Zariski-closure of Ad s (G) in Aut(gc)- Suppose G has a lattice 
r. Let Ar = {oi'j} be the set of characters of G such that for ol i £ Ar we can 
write a[= Ad s for an algebraic character on of the algebraic group T and the 
restriction a', is trivial. 

»|r 

Lemma 5.1. a\ € Ar is a unitary character. 
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Proof. Since the restriction c^i is trivial, ot\ induces the function of G/T. Since 
G/T is compact, the image of aj ; is a compact subgroup of C*. 

□ 

Consider the subDGA 

(«; -Asc) c^(G/r). 

a[eA r 

Write o! i = QjO Ad s for an algebraic character cti of T. We have the action of T 
on o4 • A 0c given by 

t-{a' l u)=a l (t)- 1 a' t t*{uj). 

Let 

(^-Aflc) T 

be the subDGA which consists of T-invariant elements of (B Q ' Gj 4 r (o4 • A 0c)- 
Theorem 5.2. ( jTSJ Corollary 7.6]) The two inclusions 

(^-Aflc) T C ( a i-f\ g * c )cA* c (G/T). 

induce cohomology isomorphisms. 

By this theorem, we have: 

Theorem 5.3. For a weakly completely solvable Lie group G with a lattice T , we 
have an isomorphism 

H\q)^H 1 (G/T). 

Proof. For a 1-form 

u = a'^i H h a' r u r e UrA^ ' 

we have 

u = (Ad sg )*uj = a / 1 (p)- ;L Q ; / 1 Ad* 5 (u;i) + • • ■ + a^,(g)~ 1 a^Ad* g (w I .). 

Thus we have Ad* 9 (wi) = a' i (g)uji and so the unitary characters a' { are eigenchar- 
acters of the diagonalizable representation Ad* . But by the condition of a weakly 
completely solvable Lie group, a[ is trivial character and hence we have 

(^-A^r^Asc. 

a'^Ar 

By Theorem 15.21 we have 

dim c H\G/T, C) = dim c H\ 9c ). 

□ 

Thus we have: 



Corollary 5.4. Let G = M. m 1" such that <f> is a semi-simple action. Suppose 
G is weakly completely solvable, dim[G, G] > " and G has a lattice F and a 
left-invariant complex structure J. Then (G/T, J) admits no Vaisman metric. 
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Remark 5. We call a Lie group G of exponential type if the exponential map 
exp : g — > G is a diffeomorphism. A simply connected solvable Lie group G is 
of exponential type if and only if for any g £ G Ad sg has no unitary eigenvalue 
^ 1 (see [2],). Thus the class of weakly solvable Lie groups contains the class of 
solvable Lie groups of exponential type. Since a non-trivial holomorphic character 
of a complex solvable Lie group is not unitary, the class of weakly solvable Lie groups 
contains the class of complex solvable Lie groups. Since for a complex solvable Lie 
group G, the abelianization G/[G,G] is also complex and hence b\(G/T) — b\(o) is 
even. Since the first betti number of a compact Vaisman manifold is odd. a compact 
complex parallelizable solvmanifold G/T admits no complex structure admitting a 
compatible Vaisman metric. 

Remark 6. For a weakly completely solvable Lie group G with a lattice T, an 
isomorphism 

HP(g) S W\G/T) 

does not hold for 2 < p in general. For example, we consider the complex solvable 
Lie group G = C C 2 with 4>(x) = diag(e 2: , e~ x ). By the above theorem, for any 
lattice T we have an isomorphism H 1 (q) = H l (G/T). But for some lattice T , an 
isomorphism H 2 (g) = H 2 (G/T) does not hold (see [4]^. 

For a simply connected solvable Lie group G with a left-invariant complex struc- 
ture J and a lattice T satisfying H 1 (G/T) = H 1 (g), in the proof of Theorem 14. 3[ 
we observe that if G/T admits a non-left-invariant LCK, then we can make a left- 
invariant LCK metric (e^Lu)i nv (— , J—). Hence we have: 

Corollary 5.5. For a weakly completely solvabale Lie group G with a left-invariant 
complex structure J and a lattice T, (G/T, J) admits a LCK metric if and only if 
(G/T, J) admits a left-invariant LCK metric. 

6. OELJEKLAUS-TOMA MANIFOLDS AS SOLVMANIFOLDS 

In this section, we give solvmanifold-presentations G/T of examples given by 
Oeljeklaus and Toma in [22]. By such presentations, we will show the non-existence 
of Vaisman metrics and give some remarks. 

Let K be a. finite extension field of Q of degree s + 2t (s > 0, t > 0). Suppose 
K admits embeddings u\ , . . . cr s , cr s+ x , . . . , <r s +2t into C such that <ji,...,<j s arc 
real embeddings and cr s +i, ■ • • , c s +2t are complex ones satisfying o s +i — <r s +i+t for 
1 < i < t. For any s and t, we can choose K admitting such embeddings (see \2'2\). 
Let Ok be the ring of algebraic integers of K , (D* K the group of units in Ok and 

0* K + ={neOj: o;(a) > for all 1 < i < s}. 
Define a : O k -> R s X C* by 

o-(a) = (ai(a), . . . , a s (a), a s+1 (a), . . .,a s+t (a)) 

for aeO K - Define I : 0* K + -> W +1 by 

1(a) = (log|cri(a)|, . . . ,log|cr s (a)|,21og|er s+ i(a)|, . . . , 2 log \a s+t (a)\) 

for a 6 0* K + . Then by Dirichlet's units theorem, l(0* K + ) is a lattice in the vector 
space L = {x G M s+ *| x i =0}- Consider the projection p : L —t W given by 

the first s coordinate functions. Then we have a subgroup U with the rank s of 
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0* K + such that p(l(U)) is a lattice in M s . Write 1{U) = 7Lv\(§>- ■ -®7Lv s for generators 
vi, . . .v s of l(U). For the standerd basis ei, . . . , e s +t of R s+t , we have 

s t 

^ ayVj = e l + ^2 b ik e s+k 

j=i fc=i 

for any 1 < i < s. Consider the complex half plane H = {z £ C : Imz > 0} = 
K x K >0 . We have the action of {7 x 0^ on i? s x C* such that 

(a, b) ■ (xi + V^lyi, ...,x s + y/^ly s ,Zi, ...,z t ) 

= {a\{a)xi + cri(6) + \/ = lcr 1 (a)2/i, . . . ,cr s (a)x s + er s (6) + y/—i(T a {a)y a , 

cr s+ i(a)zi + cr s+ i(6), . . .,a s+t (a)z t + a s+t {b)). 

In [35] it is proved that the quotient H s x 0/11 x Ok is compact. We call this 
complex manifold a Ocljeklaus-Toma (OT) manifold of type (s, i). 

For a £ U and (ti, . . . ,t s ) = p(l(a)) £ p(l(U)), since Z({7) is generated by the 
basis v\, . . . ,v s as above, 2(a) is a linear combination of ei + Y?k=i bi k e s+k , • • • , e s + 
y^u— i b sk e s + k and hence we have 

s t s s 

K a ) = ^Uiei + 22 b ik e s+k ) = (ti,. . ■ ,t 8 ,y^biitj, . • &«*«)• 
i=i fc=i i=i i=i 

By 2 log |<7 s+ fe(a)| = JJj =1 6,^, we can write 

a s+fe (a) = £*=i fc*t*-H/=H3U 

for some ci k £ K. We consider the Lie group G = W x^ (R s x C*) with 

<K*i ,...,t s ) = diag(e 41 , . . . , e*», e^^ 1 , . . . , e ^+v^ t) 

where -0fe = 5 X)iLi hkU and = yj* =1 c ik U. Then for (*!, . . . ,i s ) g p(l(U)), we 
have 

t.)(*(0jc)) Cff(Ojf). 

By the embedding 

U k O k 3 (a,b) ^ (p(l(a)),a(b)) £ G, 

the group J7 x Ok is a subgroup of G. Since p(l(U)) and a(Oif) are lattices in 
M s and R s x C* respectively, the subgroup U x Ojf is a lattice in G. By the 
correspondence 

H s x C* 3 (xi + yf-Lyi, ■ -.,x s + V^ly s ,zx, ...,z t ) 

i-» (xi,logyi, . . . ,x s ,logy s , zx, . . . , z t ) £ M s x R s x C*, 

we can identify the action of U x Ok on H s x with the left action of the 
lattice U x Ok on G. Hence OT-manifold i/ s x C*/J7 x is considered as a 
solvmanifold G/U x Ok- Let g be the Lie algebra of G. Then f\ q* is generated by 
{a\, a s , /3i,..., /3 S , 71, 72, ... , 72t-i, 72t} such that the differential is given by 

don = 0, d/3 = —a; A 
d72i-i =^iA 72j_i + <f>i A 7 2l , 072; = A 7 2l _i 7 2i , 
where V>j = \ Y^i=xb%kOti and ^ = JJ* =1 Citaj. Consider Wi = a, + n/^TA for 
1 < i < s and u> s +i = 724-1 + \/— l72j as (l,0)-forms. Then 101 , . . . , w s +t gives 
a left-invariant almost complex structure J. By the computations of dwi, J is 
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integrable. The complex manifold (G/U x Ok, J) is a presentation of OT-manifold 
H" x 0/U x Ok as a solvmanifold. 

Remark 7. For s = l,t — I, we have G = Rtx^RxC) with <j>(t) = diag(e*, e -^ t +^ T 
It is known that this G admits a lattice T and G/T is the Inoue surface S° (see 

Remark 8. We can not take tfk — 0. In fact, the completely solvable Lie group 
R X0/ R 3 with <j)'(t) = diag(e*, e~ 5 *, e -5 *) admits no lattice (see [13] ). 

Remark 9. J is left-invariant but not right- invariant and so (G, J) is not a complex 
Lie group. In fact, J is not fixed by the right action of any non-trivial element of 
G. Hence the right action of G on {G/U x Ok, J) is not holomorphic. In |22j . 
it is proved that the group of holomorphic automorphisms of each OT-manifold is 
discrete. 

We have: 

Corollary 6.1. For any lattice T of G, (G/T, J) admits no Vaisman metric. 
Proof. Since we have H*(g) = . . . , [ct s ]), we have 

dimG 



dim[G, G]=2t + 2s-s = 2t + s>t + s = 



2 

Since G is weakly completely solvable, the corollary follows from Corollary 15 .41 □ 
Hence we have: 

Corollary 6.2. OT-manifolds do not admit Vaisman metrics. 

We consider the case t = 1. We can take U = 0* K + and any U is a finite index 
subgroup of 0* K + . For U — 0* K + , we have 

(a 1 (a),... < r t (a) ) a a+1 (a)) = (e«S . . . , e*% e -i(*i+-+t.) e V=T V i )) 

forZ(o) = (t 1 ,...,t s ,~t 1 t s ) e 1{0* K + ) C L. Hence we have G = M s x (R s xC) 

such that 

. . . = diag(e*V . . , e * % e -i(*i+-+*.)W=T*. 1 ). 

Then /\ g* is generated by {ai, . . . , a s , fi\, . . . , f3 s , 71, 72} such that the differential 
is given by 

dcti = 0, df3 = —ai A Pi, 

dji = ~0 A 71 + £1 A 72, ^72 = -£1 A 71 + ifi 1 A 72, 

where = a\ + . . . a s . Consider uii — ai + y/—l(3i for 1 < i < s and u> s +i = 71 + 
y— T72 as (1, 0)-forms. Then iui, . . . , iu s +i gives a left-invariant complex structure 
J. Consider 

n 

lj = A Pi + ^ a; A fa + 71 A 72. 
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Since we have 




2 otj A a, A 



J ■ 



we have 



^ 2a fe A on A ft + "fe A Oj A + 9 A 71 A 72 




and so we have <ko — 8 A w. Thus for g = u(— , J— ) (<?, J) is a left-invariant LCK 
metric on G. 

Remark 10. In [22], Oeljeklaus and Toma gave a Kahler potential on H s x C 
which gives a LCK structure on H s x C/0^ + x Ok- j4s above, in this paper, we 
have represented such LCK metric as a left-invariant form on G. 

Remark 11. Studying the action ofO* K + kOk on the Kahler potential constructed 
in [22j . in [25] Parton and Vuletescu compute the rank of this LCK metric on each 
OT-manifold. Here the rank is an invariant of a conformal class of LCK metric 
(see [25] for definition). By this computation, they showed that the rank of this 
LCK metric is equal to s or |. This result shows how much this LCK metric is 
different from a Vaisman metric, because the rank of Vaisman metric is equal to 1 



In this paper, we proved the non-existence of Vaisman metrics on OT-manifolds. 
By Corollary 16. 21 we have: 

Corollary 6.3. For any s > ; OT-manifolds of type (s, 1) are LCK manifolds not 
admitting Vaisman metrics. 

To give another important remark concerning a Vaisman metric, we consider 
s = 2. 

Proposition 6.4. ([12]) For an OT-manifold of type (2, 1), we have b\ = 65 = 2, 
i>2 = bi = 1 and 63 = 0. 

In this case the LCK metric is given by 



We call a Riemaniann metric formal if all products of harmonic forms are again 
harmonic (see [2D]'). 

Proposition 6.5. g is a formal metric on an OT-manifold of type (2,1). 



(see [TU]j. 



g = 2a\ + 201 + 2ai • a 2 - 20 ■ fa + 2a| + 20% + 7l 2 + 7 |. 
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Proof. For the metric g, the left invariant forms ai, «2, Qu A Q2, Pi A P2 A 71 A 72, 
ai A /3i A /?2 A 71 A 72 , «2 A /?i A /32 A 71 A 72 and ot\ A 02 A /3i A /?2 A 71 A 72 are harmonic 
forms. By the Betti numbers of an OT-manifold of type (2, 1), the space of the all 
harmonic forms is spanned by these forms. Hence all products of harmonic forms 
are again harmonic. □ 

Remark 12. In |23j . it is proved that a Vaisman metric on compact manifold 
M is a formal metric if and only if b±(M) = b2 n +\{M) — 1 and bk(M) = for 
2 < k < 2n. On the other hand, for a general LCK metric on compact manifold 
M , Ornea and Pilca's theorem does not hold. 

Remark 13. The following problems remain. 

Problem 1. In G, does there exist a lattice which can not be constructed by Oel- 
jeklaus and Toma's technique? 

Problem 2. For odd s > does an OT-manifold of type (s, 1) admit a non- 
invariant complex structure admitting a compatible Vaisman metric? 
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